Winter term 2020/21 - Algebra II - Algebraic Number Theory

Problem Sheet 7

Problem 1
Show that the following two characterizations of lattices A C R™ are equivalent.

(a) A is a finitely generated subgroup such that the natural map R ®z A — R" is an
isomorphism.

(b) A is a discrete subgroup such that R™/A is compact.

Problem 2

Let K C R be a real-quadratic field with discriminant D. The fundamental unit of K is
defined to be the unique w > 1 such that Ugx = {+1} x w?.

(a) Let u € Ug with u > 1 and set € := Ng/g(u) € {+1}. Show that

. (vV'D + /D + 4e)
> 5 :

Hint: Use |Discgq(1,u)| > D.

(b) Show that if there is a prime p | D with p = 3 mod 4, then there is no u € Uk with
(¢) Find the fundamental units of Q(v/2), Q(v/3) and Q(v/5).

Problem 3

Let K = Q(¢p) with p an odd prime and set Kt := K((, + C;l)- As usual, Ug and Ug~+
denote the integral units of K and K.

(a) For u € Uk, show that u/u is a root of unity.
(b) Show further that u/u = CI’f for some k € Z (and not u/u = —Cf; for some k.)
(c) Conclude that Ux = Ug+ X ((p).

Problem 4
Let (5 = e>™/5 and u = — (2 + ¢2).

(a) Show that u is quadratic over Q and determin the field Q(u).

(b) Prove that the units of Q((5) are give by +¢¥(1 + (5)" with 0 < k <4 and h € Z.
(¢) Determine the regulator of Q((s).



